I PROPOSE in the following paper to investigate some new methods for summing various kinds of series, including almost all of the more im portant which are met with in analysis, by means of definite integrals, and to apply the same to the evalua tion of a large number of definite integrals. In a paper which appeared in the Cam bridge and Dublin Mathematical Journal for May 1854, I applied certain of these series to the integration of linear differential equations by means of definite integrals. Now Professor B o o le has shown, in an adm irable njemoir which appeared in the Philosophical Transactions for the year 1844, that the methods which he has invented for the integration of linear differential equations in finite terms, lead to the sum m a tion of numerous series of an exactly similar nature, whence it follows that the com bination of his methods of summation with mine, will lead to the evaluation of a large number of definite integrals, as will be shown in this paper. It is hence evident that the discovery of other modes of summing these series by means of definite integrals must in all cases lead to the evaluation of new groups of definite integrals, as will also be shown in the following pages. I then point out that these investigations are equivalent to finding all the more im portant definite integrals whose values can be obtained in finite terms by the solution of linear differential equations with variable coefficients. Again, there are certain algebraical equations which can be solved at once by L a g r a n g e 's series, and by common algebraical processes; the summation of the former by means of definite integrals affords us a new class of results, which I next consider. A continental mathematician, M. S m a a s e n , has given, in a recent volume of C r e l l e 's Journal, certain methods of combining series together which give us the means of reducing various multiple integrals to single ones. The series hitherto considered are what have been denominated factorial series" ; but, lastly, I proceed to show that analogous processes extend to series of a very complicated nature and of an entirely different form, and for that purpose sum by means of definite integrals certain series whose values are obtained in finite terms in the 4 Exercices des Math^matiques ' by means of the Residual Calculus. The total result will be the evaluation of an enormous number of definite integrals on an entirely new type, and the application of definite integrals to the summation of many intri cate series. We may easily reduce this to a possible form by putting &c. If the series to be summed is of the nature of both the kinds of series we have been discussing, we must combine the two methods of summation together. Now consider the following differential equation: We shall suppose that the number of the quantities a, (3, y &c. is always less than the number of the quantities cd, (31 , <yr See., and, for the presen a, (3, y &c. is always less than that of od, @ &c., each to series by means of definite integrals can always be found by the preceding theorems. Now Professor B o o le has given, in the memoir I have before mentioned, the con ditions which are necessary in order that the equation u-\-<p(J))tT ,au = 0 may be inte g r a te in finite terms, which are therefore the conditions that the sum of the above series, and consequently the value of any definite integral equivalent to it, may be found in finite terms. I shall now give some instances of the evaluation of definite integrals by the application of these principles. Let us consider the symbolical equation pfftu *; , 
0=(D-3)V.
Hence we find V = G r3, Hence we have &c.
By a similar method we find It is to be particularly rem arked, that we may in many cases simplify the final results, which we obtain by means of these summations, by the use of the theorem r l r -r --r -= ( 2 sr)"'ii» -i. n n nn
and assume as the transformed equation 
Hence
These three last integrals can be obtained by ordinary integration. I have intro duced them here partly for the sake of system, and partly because we shall require the series which they represent on other occasions.
W e may extend this process, by performing operations with respect to the quan tity (fju). Thus we may operate on any of the integrals we have obtained by such a symbol as F^j , w^ere ^ *s any rational function; and if it is an entire function, we have merely differentiations to perform. If it is a rational fraction, and the factors of the denominator are real and unequal, we may decompose it into simple rational fractions, each of which may, in its turn, be transformed into a simple integral. If we apply this operation to any of the results we have obtained, we immediately have a definite integralJ'J*..PgflQF(Q) dv... dd..s expressed in a series of single integrals, where the integrations are performed with respect to (^), and {p) may be taken be tween any limits. B ut (p) must in no case pass through zero, as the definite inte grals, on which we operate with respect to (|a), cannot be found for that value of p by the processes we have been investigating. There are many other operations of a similar nature, which it is easy to imagine.
I am now come to the second part of this memoir, the investigation of those new methods of summation, and of the definite integrals corresponding to them, to which I have before alluded. Let us consider the series and we find for the sum of the series,
The following are instances of the application of this m ethod obtained by using series I., III., I V .:-f 1 f * d0dz{ 1 -■*)* g' i(a+2!)CO80cos (ap sin 6) cos (/ sin 0)
cos (a sin 0) cos(|3 sin <p) cos sin 27 n* -3a /u< x /3 2*2 ( 3^a ( 3 -2)e3^-r r r^i * where a is greater than j 3, a' than /3\
The use of this integral will give an im portant extension of the method I have employed for expressing the integrals of differential equations by means of definite integrals. For in order to the success of that method, it is necessary, as is shown in my paper in the Cambridge M athem atical Journal before alluded to, that the magnitude of the factorials (if any) in the num erator of each term of the series to be summed, should be less than that of the corresponding factorials in the denominator; whereas this integral enables us to sum series in which the reverse is the case. I shall now apply the series, whose sum we have just found, to the evaluation of definite integrals, using series VI. and VII. Hence The second integral will require in its applications, that we equate possible and impossible parts, in other respects the results will be analogous to those we have just obtained.
There are one or two other methods of summation which I shall briefly notice. W e see at once th at l ^l ft3 -1 1+ 2 + u '? + m^k -7 T and probably some besides. I shall now offer a few observations on the nature of the integrals we have been discussing. The preceding investigations appear to be equivalent to a solution of the following problem " To find the definite integrals, whose values can be deter mined in finite term s by the solution of linear differential equations with variable coefficients." I t should seem that the definite integrals, which we have considered in this paper, are the most general ones of any importance, whose values can be found in this way, for the following reasons:-If we expand any definite integral, which is a solution of a differential equation, and its equivalent in terms of the principal variable, and equate like powers of that variable, we obtain a series of definite integrals of a simpler kind, each equal to a fraction whose num erator and denominator consist of factorials, and can therefore be expressed by the products of Eulerian integrals, or to the sum of such fractions. Now I have employed all the more im portant definite integrals of this class, which are yet known, in the summation of the series which satisfy the differential equation
Now if (r) be any integer, \ =~ + '-logs cos
and as the properties of the Eulerian integrals have been much studied, and the integrals whose values are dependent on them consequently well known, it is pro bable th at the definite integrals, which we have considered in this paper, embrace all the more im portant ones whose values can be determined in finite term s by the solu tion of the above equation. W ere we to employ equations of a more general form, we should find that the successive term s of the series which express their solutions, would be given by equations of finite differences, in which the members equated to zero would each consist of more than two terms. Consequently we should be unable in the general case to sum the resulting series by means of definite in teg rals; and in those cases in which we might find this possible, the integration of the differential equations in finite terms would be practicable in very few cases. The following method of determining a well-known definite integral is here added, to show the con nexion between previous investigations relative to definite integrals, and those given in the present memoir.
We know that 1 -H-= e -r2, If we apply the usual test of convergency to this series, we find that ( r -l)a must be less than unity.
Then we see that , + ( OT+ 2 r -l ) g + (ro+3f-1I)i m+3r-g W & e . W hen 2'a is less than unity we can always integrate with respect to (s), but may obtain a single integral more simply by proceeding as follows :- In this formula (a) must lie between 0 and 1, as it is necessary for the convergence of the above series that x should be less than 2cr. I now enter upon the consideration of the processes I have before mentioned for reducing multiple integrals to single ones. The fundamental idea of the preceding calculations, as will be readily seen, is as fol lows : to reduce every term of the series proposed to be summed by means of definite integrals to the form of the general term of the series whose sum is given by the common exponential theorem, and then to find the sum of the whole quantity con tained under the signs of integration by means of that theorem. The factorials in the num erator of each term may be taken in any order we please relative to those of the denominator, provided that the same relative order is observed in every term throughout the whole series; moreover, we may use different, integrals to express the same factorials, so that we can deduce the value of many definite integrals from one series. I shall now give an example of the summation of a factorial series of a somewhat different nature.
Consider the seriessc * oc^ 1 There are other series of an analogous nature which may be summed in a similar m anner: the object of introducing the above summation in this paper, is to point out the use of the integral g°e(cos 0)w , when impossible factors occur in the deno minators of the successive terms of a factorial series. In the ' Exercices de M ath6matiques,' C a u c h y has proved that if be a quantity of the form f(cos <p-{-i sin <p), and z < p ( z) continually approach zero as increases whatever be <p, then the residue of <p(z) is equal to zero, the limits of being 0 and (oo ), and those of <p, x andcertain series, which I shall presently consider; but must first give certain results which will be useful in the sequel. 
